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We examine a simple tabletop experimental setup for probing the inverse-square
law of gravity and detecting eventual deviations therefrom. The nature of the setup
allows indeed to effectively reach for shorter distances compared to what is allowed
by other methods. Furthermore, we show that the same setup could also be used
to probe the interaction between gravitomagnetism and the intrinsic angular spin of
quantum particles. Moreover, we show that the setup allows to have a gravitationally
induced harmonic oscillator, introducing thus the possibility of studying in a novel
way the interaction between gravity and quantum particles.
I. INTRODUCTION
For large masses and high velocities, General Relativity (GR) successfully provides well-
tested relativistic corrections to Newton’s law of gravitation at long separation distances
between the interacting masses [1]. However, in the weak-field regime, GR simply reduces
to Newtonian gravity no matter what the separation distance is between the two masses. In
fact, GR does not suggest any deviation from the inverse-square law (ISL) for the gravita-
tional interaction, Gm1m2/r
2, where G is Newton’s constant and r is the distance between
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2two static masses m1 and m2 [1, 2].
In contrast, many models aiming at modifying gravity [3] or at unifying gravity with
the other three fundamental forces of Nature predict some form of deviation from this ISL
[4–8]. Three main classes of departures from the ISL have been intensively investigated in
the literature. The most favored one is a formula usually given in terms of the gravitational
interaction energy U(r) between the two masses, displaying a Yukawa-like correction:
U(r) = −Gm1m2
r
(
1 + αe−r/λ
)
. (I.1)
The first term in this formula represents the Newtonian potential while the second term is
the correction. The constant α is dimensionless and it quantifies the strength of the deviation
from the ISL, i.e., the strength of a possible “fifth force”. Such a constant might in principle
depend on the baryonic composition of the test masses, in which case the Weak Equivalence
Principle (WEP) becomes also violated. The parameter λ has the dimensions of a length and
it quantifies the range of the fifth force. It is the smallness of the parameter λ, appearing
in the denominator of a decaying exponential, that makes it difficult to experimentally
bring into evidence this minute possible correction to the ISL. The correction, if any, is
thus exponentially suppressed with the separation distance. In fact, the parameter λ is
constrained (for certain values of α) by various short-range gravity experiments — that
continues to be improved — to not exceed ∼ 10µm [7–20]. To detect such a deviation
one needs thus to probe separation distances of the order of the micrometer. Obviously,
electromagnetic, van der Waals and Casimir forces all make it the more difficult to attain
the desired precision to distinguish these other forces from a purely gravitational contribution
based on tabletop experiments. A similar issue arises at particle accelerators, where very
short distances are probed, because of the weakness of gravity compared to the other three
fundamental forces. We refer, however, to the recent proposal in Ref. [21] for a new way of
putting into evidence deviations from the ISL based on the effect of gravity on the quantized
Landau levels.
Two other classes of deviations from the ISL are the so-called power-law potentials. These
are also well investigated [5–8], although less favored and less tested by the community
compared to the Yukawa-like deviation [8]. The first of these classes gives a gravitational
3potential energy between two masses in the form,
U(r) = −Gm1m2
r
[
1 +
(r0
r
)n]
. (I.2)
This class of potentials arises mainly — but not only — within the extensions of the Standard
Model. We have chosen here, for practical purposes, the simple form (I.2) given in terms
of a single parameter r0 that has the dimensions of a length [8]. This parameter quantifies
therefore both the strength of the fifth force and the range of the latter. It is model-
dependent, and hence composition-dependent, which means that it might also in principle
lead to violations of the WEP. The power n is an integer. In the extra spatial dimensions
scenarios, it is usually taken to be n ≤ 6 and it is assumed to take on a fixed value for a
specific number n of extra dimensions. In this case, the factor rn0 becomes a composition-
independent parameter.
The second class of power-law potentials frequently found in the literature arises exclu-
sively from models involving extra dimensions of space and takes the form,
U(r) = −Gnm1m2
rn+1
. (I.3)
The constant Gn denotes a new gravitational constant, which depends on the number n
of the extra spatial dimensions of spacetime. It reduces to Newton’s constant in the low-
energy limit. Formula (I.3) is supposed to be valid for distances below the scale of the extra
dimensions. Therefore, this expression is usually recast in the more general form (I.2) for
convenience [8]. For this reason, we are going to consider in this paper only formula (I.2)
for the case of power-law deviations from the ISL.
It is clear that the worse problem one faces when attempting to use massive gravitational
sources for testing these various possible deviations from the ISL is the fact that only the
closest layers of the massive source would efficiently participate in the interaction [5]. Our
goal in this paper is therefore to examine a setup that would not only be able to attain
the required short distances and be able to avoid the other non-gravitational interactions
[22–27], but, above all, be also able to “use up” the whole mass source. The strategy is thus
to get the test particle not only closer to the gravitational source, but literally delve deep
inside the latter and interact with every layer of the source all the way to the heart of the
4latter. As we shall see, the very configuration of our setup renders the latter indeed capable
of realizing each one of these objectives and thus test the various possible deviations from
the ISL all at once.
Now, it is also well known that in the case of a rotating massive source, GR predicts
deviations from Newtonian gravity thanks to the so-called frame-dragging effect which, in
turn, gives rise to the so-called gravitomagnetism [28–32]. It is believed that intrinsic spin
of quantum particles could couple to this gravitomagnetism and hence provide a means for
testing the latter. However, the problem one faces when trying to test gravitomagnetism
is again, as discussed by various authors [33–37], the weakness of such an interaction1. As
we shall see, although it cannot presently improve much on the precision one can reach in
measuring gravitomagnetism, our setup does constitute a means that is way more practical
and more suitable for efficiently testing gravitomagnetism once higher phase-shifts detection
precision is achieved.
Finally, the same setup, as we shall see, is also suitable for studying the quantum behavior
of particles within a classical gravitational field. The configuration of the massive source used
in our setup is indeed capable of gravitationally inducing a simple harmonic oscillation in the
motion of a quantum particle. The energy levels of the particle become thus quantized by
the gravitational field in a way similar to what is done based on the behavior of cold neutrons
inside the Earth’s gravitational field [39–44]. Therefore, any deviation from the quantized
energy levels caused by Newtonian gravity would automatically indicate a departure from
the ISL.
The rest of this paper is organized as follows. In the next section we describe our setup
and explain its working principle. In Section III, we compute the phase shift that would be
recorded by such a setup as it is induced on the quantum particles used in the experiment
for each of the two ISL deviation classes (I.1) and (I.2). In Section IV, we compute the
phase shift that would result when the test particles interact with the gravitomagnetism of
the massive source used in the setup. In Section V, we explain how one could use the setup
to create a gravitationally induced harmonic oscillator. We find the quantized energy levels
of the latter caused by the Newtonian potential and then compute the correction brought
to such levels by deviations from the ISL. We conclude this paper with a short Summary &
1 See Ref. [38] for a new proposal for testing the frame-dragging effect using quantum particles.
5Discussion Section.
II. THE SETUP
Our setup consists simply of a massive homogeneous solid sphere, inside of which a
narrow cylindrical tunnel of radius a is drilled across the diameter of the sphere to make
a pathway for the neutrons, atoms, or even the molecules, used in the experiment. Such a
special configuration of the mass source allows, as mentioned in the Introduction, to use up
every layer of the mass. The sphere is to be placed in one of the arms of a Mach-Zehnder
interferometer as shown in figure 1.
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Figure 1: A Mach-Zehnder interferometer with a massive sphere, containing a narrow tunnel drilled
across its diameter and lying along one of the arms of the interferometer.
As we shall see later, the diameter 2a of the tunnel inside the sphere should be made
small enough compared to the radius of the sphere in order to be able to extract useful
approximations for the resulting phase shifts as well as to be able to gravitationally induce a
harmonic oscillator. However, in order to avoid unwanted diffraction of the beam of particles,
the diameter 2a of the tunnel should be made much larger than the Compton wavelength
λC of the test particles used in the experiment.
The interferometer detects the difference in the quantum phase between the two beams
going through its two arms in a way very similar to a COW experiment [45]. Indeed, the
number of registered clicks at each of the two detectors — located after the second beam
splitter on the right — depends on the relative phase between the two beams.
6The beam going through the solid sphere in the positive x-direction experiences one of
the gravitational potentials leading to either energies (I.1) or (I.2). As a consequence, that
beam acquires, due to the change ∆p(x) in the linear momentum p(x) of the particles,
like in a COW experiment, an extra phase of ∆φ = (2/~)
∫ R
0
∆p(x) dx relative to the
reference beam which did not go through the massive sphere. For prepared wave packets
of de Broglie’s wavelength λ0 and wave number k0 = p0/~, the energy of the particles of
mass m is E0 = ~2k20/2m  U(x). That is, the gravitational interaction of the particles
with the massive sphere is treated as a small perturbation. The conservation of energy of
the particles of mass m then leads to E0 = p2(x)/2m + U(x), so that ∆p(x) = p − p0 ≈
−p0U(x)/2E0 = −mλ0U(x)/h. Thus, the phase shift between the two beams is simply given
by ∆φ = −(mλ0/pi~2)
∫ R
0
U(x) dx. Therefore, substituting into this formula successively the
two potential energies (I.1) and (I.2) would give us at once the different phase shifts to be
expected to result between the two beams of the interferometer.
III. PHASE SHIFTS DUE TO DEVIATIONS FROM THE ISL
In this section we are going then to compute the phase shift due to each of the above two
forms of deviations from the ISL. For that purpose, we need to compute the gravitational
potential felt by the particle at any distance x from the center of the sphere based on each
of the formulas (I.1) and (I.2). To properly take into account the presence of the cylindrical
tunnel inside the sphere, we first need to compute both the gravitational potential inside a
full sphere of radius R at the distance x from its center and the one due to a uniform full
cylinder of radius a and length 2R at a distance x from its middle point along its axis of
symmetry. Then, we simply subtract the potential due to the cylinder from the one due to
the sphere to find the effective potential felt by the particle traveling through the tunnel.
We are going to follow this strategy for each of the two possible deviations (I.1) and (I.2).
A. With a Yukawa-like deviation
First, we easily see that formula (I.1) gives the gravitational potential at a distance x
along the axis of symmetry of a ring of uniform linear mass density µ and radius y in the form
−2piGµ y(x2 + y2)− 12 (1 + αe−
√
x2+y2/λ). By integrating this expression over the concentric
7rings that make up a uniform disk, we easily deduce also the gravitational potential at a
distance x along the axis of symmetry of a massive disk of radius y and of uniform surface
mass density σ. We find, −2piGσ[√x2 + y2 − x+ αλ(e−x/λ − e−√x2+y2/λ)].
Using this last expression for the uniform massive disk, we easily also compute the gravi-
tational potential along the axis of symmetry of a full cylinder of radius a, of uniform density
ρ and of length 2R, at a distance x from its middle point. It suffices indeed to integrate the
potential due to a uniform disk over the continuous distribution of disks that make up the
cylinder. The detailed calculation is given in Appendix A and the result is VC(x) as given
by Eq. (A.1). Similarly, by integrating over the continuous distribution of uniform disks
that make up a sphere, we find the gravitational potential inside a sphere of radius R and
of uniform mass density ρ at any distance x from its center. The result is VS(x) as given by
Eq. (A.2).
Now, the potential VC(x) is the one that would have been created by the missing full
cylinder due to the presence of the tunnel along the diameter of the sphere. Therefore, the
effective gravitational potential felt by the quantum particle at a given distance x from the
center of the sphere as it moves inside the cylindrical tunnel is,
Veff(x) = VS(x)− VC(x)
= −4piGρ
[
R2 +
x2
3
+ αλ2e−
R
λ cosh
(x
λ
)
− αλ
2
x
(R + λ)e−
R
λ sinh
(x
λ
)
− R− x
4
√
(R− x)2 + a2 − R + x
4
√
(R + x)2 + a2
− a
2
4
ln
R− x+√(R− x)2 + a2
a
− a
2
4
ln
R + x+
√
(R + x)2 + a2
a
]
. (III.1)
We thus see that, in contrast to the usual exponentially suppressed Yukawa correction
to the potential felt by a particle outside a massive sphere, a particle traveling through
the tunnel across the sphere feels a Yukawa correction that also contains terms that are
proportional to the exponential ex/λ, as well as terms inversely proportional to the distance
x of the particle from the center of the sphere. As we shall see by computing the phase
shift, these crucial terms help amplify the contribution from the Yukawa correction to the
potential by giving rise to a contribution that is not exponentially suppressed anymore. As
a result, this setup does — thanks to its peculiar configuration — enhance the effect on
8quantum particles of a Yukawa-like correction to the gravitational interaction.
Indeed, going back now to our expression for the phase shift and substituting the effective
potential (III.1), we find the following phase shift,
∆φ = −m
2λ0
pi~2
∫ R
0
Veff(x)dx
=
2Gm2ρλ0
~2
[
20R3
9
− (2R
2 − a2)
3
√
4R2 + a2 − a
3
3
− a2R ln 2R +
√
4R2 + a2
a
+ 2αλ3e−
R
λ sinh
(
R
λ
)
− 2αλ2(R + λ)e−Rλ Shi
(
R
λ
)]
. (III.2)
Here, Shi(z) is the hyperbolic sine integral [46]. In this formula, we have a net separation
between the contribution of the Newtonian potential and the contribution of the Yukawa-like
correction. We can now find an estimate for the phase shift for any given value of the range
λ and of the coefficient α.
For a Yukawa range of the order of ∼ 10−3 m, using cold neutrons for which the diameter
of the tunnel is only required to be much larger than their ∼ 10−15 m-Compton wavelength,
we may easily extract from Eq. (III.2) an approximation for the phase shift. Indeed, keeping
in mind that a, λ  R, as well as a  λ [8], we are led, after expanding both sinh(R/λ)
and Shi(R/λ) at the first order in 1/λ, to the following expression,
∆φ ≈ 4GMm
2λ0
3pi~2
(
1− 9αλ
4
4R4
)
. (III.3)
We have expressed here the final result in terms of the mass M of the sphere. This expression
shows that the phase shift nicely splits into an overall factor that depends on the mass of
the sphere and terms that solely depend on the Yukawa range and the composition-depend
factor α. As such, it becomes remarkably possible to test out the WEP by placing on both
arms of the interferometer massive spheres of the same radius and mass, but of different
material compositions. With such a configuration of the interferometer, any phase shift
between the two beams would betray a composition-depend gravitational interaction.
Now, although the result (III.3) does not display the usual exponentially decaying term
with the radius of the sphere, e−R/λ, the fact that the correction is proportional to the fourth
power of λ still makes the phase shift correction extremely small. For a 1 m-radius sphere
9of platinum, and with cold neutrons of wavelength λ0 ∼ 10 A˚, the Newtonian phase shift is
of the order of 0.01 rad. For an α of the order of 1030 and a Yukawa range of the order of
10−12 m [8], the correction to this phase shift induced by the Yukawa interaction is of the
order of 10−18. However, for an α of the order of 10−2 and a range of order 10−3 m [8], the
correction is of the order 10−14. Yet, for even higher values of λ (of the order of 103 m) but
small values of α of the order of ∼ 10−7, a case which is still not excluded by experiments [8],
expanding formula (III.2) for small R/λ, yields a correction proportional to −2αλR2e−R/λ.
The correction we obtain for the phase shift in this case becomes then as high as 2× 10−4.
B. With a power-law deviation
To compute the phase shift between the two beams that would result from an ISL devia-
tion of the form (I.2), we proceed in a way similar to what we just did with the Yukawa-like
correction (I.1). We first compute the gravitational potential felt by the particle at any
distance x from the center of the sphere as it travels through the tunnel.
First, we can easily see that the correction term in formula (I.2) gives the gravitational
potential at a distance x along the axis of symmetry of a ring of uniform linear mass density
µ and radius y in the form −2piGµrn0 y/(x2 + y2)
n+1
2 . By integrating this expression over
the concentric rings that make up a uniform disk, we easily deduce also the correction to
the gravitational potential at a distance x along the axis of symmetry of a massive disk of
radius y and of uniform surface mass density σ. By distinguishing the cases n = 1 and
n 6= 1, we find the expression −2piGσr0 ln(
√
x2 + y2/x) for the former and the expression
−2piGσrn0 [(x2 + y2)(1−n)/2 − x1−n]/(1− n) for the latter.
Using these expressions coming from the uniform massive disk, we can easily compute
the gravitational potential VC(x) at any distance x from the middle point (along the axis
of symmetry) of a cylinder of radius a, of uniform density ρ and of length 2R. Using the
same strategy adopted for the sphere in Section III A, these potentials of the uniform disk
also allow us to compute the potential VS(x) at any distance x from the center of a sphere
of mass density ρ and radius R. Because of the presence of 1 − n in the denominator of
the potential due to a disk, however, we should distinguish between all six different cases
of n = 1 to n = 6. The corrections VCcorr(x), VScorr(x) and Veffcorr(x) to the potential of a
full cylinder, of a full sphere and of the effective potential inside the tunnel, respectively,
10
emerging from these different cases are calculated in Eqs. (B.1)-(B.18) of Appendix B. As
can be seen with those results, only the cases n = 1, 2, 3 yield converging potentials for all
values of x. Those are given in Eqs. (B.3), (B.6) and (B.9). The other three cases of n,
given in Eqs. (B.12), (B.15) and (B.18) are all diverging at x = R. The divergences for
those cases come from the rapidly decreasing potential with distance. The divergence for
the cases n = 2, 3 is cured by the presence of the empty tunnel inside of the sphere. In
fact, although the expressions (B.4) and (B.5) for the case n = 2 contain the diverging
integrals
∫ R±x
0
ds/s, the resulting effective potential inside the sphere with a tunnel is finite.
Similarly, the potential that results from combining the expressions (B.7) and (B.8) is finite
although both contain the terms
∫ R±x
0
ds/s2. In contrast, for the more rapidly decreasing
potentials of the cases n = 4, 5, 6, it does not help much to have an empty tunnel inside
the sphere to remedy the short-distance divergences as the latter would have considerably
accumulated by the time the particle reaches the outside surface of the sphere. As such,
only the cases n = 1, 2, 3 will be dealt with here as they lead to finite phase shifts as well.
Using the corrections to the effective potentials found in Appendix B, we compute the
following corrections to the phase shifts caused by the non-Newtonian part of the potential
for the cases n = 1, 2, 3.
∆φn=1corr =
Gm2ρλ0r0
~2
[
R2
(
1 +
pi2
4
)
− 4Ra tan−1
(
2R
a
)
− 2R2 ln 4R
2 + a2
4R2
+
a2
2
ln
4R2 + a2
a2
]
≈ 3GMm
2λ0r0
4pi~2R
(
1 +
pi2
4
)
. (III.4)
In the last line, we have expanded the final result and kept the leading-order terms inside
the square brackets of the first line. Thus, in contrast to the Yukawa-like correction (I.1),
the power-law correction (I.2) yields a phase shift that is linear in the ratio r0/R and is
independent of the radius a of the tunnel.
Similarly, we find for the case n = 2,
∆φn=2corr = −
Gm2ρλ0r
2
0
~2
[
4R + 2
√
4R2 + a2 − 2a− 4R ln 2R +
√
4R2 + a2
a
]
≈ −3GMm
2λ0r
2
0
pi~2R2
(
2− ln 4R
a
)
. (III.5)
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In the last line, we have again expanded the final result and kept the leading-order terms
inside the square brackets of the first line. In contrast to the case n = 1, this correction
to the phase shift depends on the radius a of the tunnel through a logarithm that involves
the ratio of R over a. The correction then logarithmically increases with the increase of the
relative difference between the radius of the sphere and that of the tunnel inside it.
Finally, for the case n = 3, we get
∆φn=3corr = −
Gm2ρλ0r
3
0
~2
[
pi2
4
− 2R
a
tan−1
(
2R
a
)
+
1
2
ln
(
1 +
4R2
a2
)]
≈ 3GMm
2λ0r
3
0
4~2aR2
. (III.6)
This correction is inversely proportional to the radius of the tunnel and, hence, becomes
important for smaller radii of the latter. Given the Compton wavelength limit on the
smallness of the radius of the tunnel, heavier atoms and molecules, for which λC is smaller,
are best suited for testing this case of n = 3.
With the 1 m-radius sphere and cold neutrons, the correction to the phase shift already
reaches the order of 10−14 for an r0 as small as 10−2 pm [8] for the case n = 1. On the other
hand, for an order of magnitude of a millimeter for r0, the correction for the case n = 2
reaches the order of 10−6, whereas for the case n = 3 it reaches an order of magnitude as
high as 0.001 for a diameter of the tunnel of the order of 10−15 m.
IV. PHASE SHIFT DUE TO GRAVITOMAGNETISM
Actually, with the same setup as above it is also possible to probe an eventual gravitomag-
netism interaction of a rotating sphere with the quantum spin of particles. Indeed, making
the massive sphere of mass M rotate counterclockwise around the positive x-axis with an
angular frequency ω, the sphere creates a gravitomagnetic field BG parallel to the x-axis and
oriented in the positive x-direction as well. The gravitomagnetic field outside a sphere of
uniform density at any distance r from its center is given by BOutG = 2G(Lr
2− 3rL · r)/c2r5
[28]. Here, L is the angular momentum of the rotating sphere, of magnitude L = 2MR2ω/5,
and c is the speed of light.
On the other hand, the magnitude of the gravitomagnetic field inside a spherical shell
12
of exterior radius R is BInG = 4GMShellω/(3c
2R) at any distance from the center of the
shell and it has the same direction as BOutG . This expression is used as an approximate
value for the gravitomagnetism inside a thin shell [28]. We chose this expression here for
want of a better and more precise formula for the unknown full field in the interior of the
successive continuous shells. Nevertheless, being interested here in the possibility of putting
into evidence the gravitomagnetic interaction itself, the precise multiplicative factors, which
would result from an exact formula of the interior field BInG , would not change our final
conclusions. Furthermore, it is specifically one of the purposes of our present setup to test
gravitomagnetism and the precise form the latter should have inside spherical shells2.
Being interested here in neutral particles with spins aligned along the positive x-axis and
traveling along the axis of the sphere, we only need the magnitudes of such gravitomagnetic
fields at the north pole of both the sphere and the shell. At that point, we have r parallel to
L so that the magnitude of the exterior field of a sphere of radius r is BOutG = 8GMω/(5c
2r).
Now, as the particle is traveling through the channel, the gravitomagnetic field it feels
changes with its position x from the center. In fact, as the particle moves forward, a BOutG
at position x is created by the inner sphere of radius x and mass 4piρx3/3 in front of the
particle. Another field BInG is created by a shell, of exterior radius R and interior radius x,
surrounding the particle at that specific position x. The mass of a shell of uniform density
ρ and of exterior and interior radii R and x, respectively, is given by MShell =
4pi
3
ρ(R3− x3).
Therefore, the total gravitomagnetic field felt by the particle at a position x from the center
inside the tunnel is,
BG(x) =
32piGρωx2
15c2
+
16piGρω
9c2R
(
R3 − x3) . (IV.1)
Thus, for a beam of polarized neutrons such that the spins of those going through the
channel are perfectly aligned with the positive x-direction, we have the gravitomagnetism
(GM) interaction Hamiltonian HGM(x) = sBG(x), where s = ~/2 is the intrinsic spin of
the polarized particles. Now, the phase difference induced by any interaction Hamiltonian
2 Note that if one assumes the analogy between magnetism and gravitomagnetism holds even inside the
shell and simply replaces the magnetic moment µB by the angular momentum LShell, then the interior
gravitomagnetic field would, as for real magnetism, simply be BInG = 2GLShell/c
2R3. Therefore, since for
a shell of uniform density ρ and of exterior and interior radii R and x, respectively, the moment of inertia
is IShell =
8pi
15 ρ(R
5 − x5), one would find, BInG (x) = 16piGρω15c2R3
(
R5 − x5).
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between times ti and tf is given by ∆φ = ~−1
∫ tf
ti
H(x)dt [45]. Thus, in addition to the phase
differences found above for a nonrotating sphere, the rotation of the sphere would induce an
extra phase difference ∆φGM between the two beams given by,
∆φGM =
16piGρω
3c2
∫ tf
ti
(
x2
5
+
R2
6
− x
3
6R
)
dt
=
32piGρmλ0ω
3hc2
∫ R
0
(
x2
5
+
R2
6
− x
3
6R
)
dx
=
23GM mλ0ω
15hc2
. (IV.2)
In the second line we have traded dt for dx by introducing the neutrons’ velocity v0 =
h/mλ0 considered, within our approximations, to be constant all along the tunnel. We have
multiplied by a factor of 2 as our integration variable x goes from 0 to R whereas the particle
feels a symmetric potential on both sides of the center of the sphere along its trip through
the tunnel. We have expressed the final result in terms of the mass M = 4piρR3/3 of the
sphere instead of its radius and mass density3.
This formula for the phase shift shows that, in addition of requiring a very massive and
a very fast rotating sphere, the longer is the wavelength λ0, i.e., the colder are the particles,
the bigger the measured shift will be. With a 1 m-radius sphere of platinum, rotating at
the rate of 300 revolutions per minute, and cold neutrons of wavelength λ0 ∼ 10A˚, the
induced phase shift due gravitomagnetism would be of the order of 10−19 rad. Increasing the
mass of the test particles, as well as the mass and the angular speed of the sphere would,
of course, increase the resulting phase shift, and only mechanical limitations could hinder
improvements on this latter front due to the minute phase shifts involved.
V. THE GRAVITATIONALLY INDUCED HARMONIC OSCILLATOR
The possibilities offered by our setup depicted in Fig. 1 do not end with the interference
experiments presented in the previous two sections. In fact, looking at the effective potential
in Eq. (III.1), we see that when neglecting the Yukawa-like correction, and for a very small
3 Had we relied on a pure analogy between magnetism and gravotomagnetism, we would have found the
phase shift 32piGρmλ0ω15hc2
∫ R
0
(
x2 + R
2
2 − x
5
2R3
)
dx = 8GMmλ0ω5hc2 . Thus, we clearly see indeed that only the
numerical factors would differ in the final result.
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radius a of the tunnel, the gravitational potential simplifies considerably and yields, up to
a constant term,
Veff(x) =
2piGρ
3
x2. (V.1)
This is nothing but the potential of a simple harmonic oscillator with one degree of freedom
along the x-axis. No charge is required to be carried by the test particles in this case and,
hence, cold neutrons could be used. The energy of such neutrons becomes then quantized
inside the tunnel and is given by that of a simple harmonic oscillator:
E = ~ω
(
n+
1
2
)
, (V.2)
with n a non-negative integer and the fundamental angular frequency is given by ω =
(4pi
3
Gρ)1/2. These quantized energies do not thus depend on the size of the sphere but only
on the density of the latter. This makes the experimental setup more flexible. For a platinum
sphere of density 2.145×104 kg/m3, the predicted difference between two consecutive energy
levels is of the order of 10−18 eV.
Now, for very small displacements x λ away from the center inside the tunnel, we may
extract from Eq. (III.1) the following approximation for the gravitational potential of the
neutrons due to the Yukawa-like deviation:
Veff(x) =
2piGρ
3
x2
[
1− 2α
(
1− R
2λ
)
e−R/λ
]
. (V.3)
This correction to the potential of the oscillator yields the following modification to the
fundamental angular frequency of the particles, ω ≈ (4pi
3
Gρ)1/2[1 − α(1 − R
2λ
)e−
R
λ ]. This
correction depends on the size of the sphere. Moreover, the correction is exponentially
suppressed for ranges of the order of the micrometer. Only for ranges of λ of the order of R
and beyond do we get a correction of the order of the factor α.
Still, for very small x  R again, and using Eq. (B.3), we get, up to a constant, the
following expression for the gravitational potential of the harmonic oscillator due to the
power-law (I.2) with n = 1:
V n=1eff (x) =
2piGρ
3
x2
(
1 +
2r0
R
)
. (V.4)
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We see that the correction is simply of the order of r0 for a unit-radius sphere. For smaller
radii of the sphere, the correction is enhanced as it is inversely proportional to the radius
R. Similarly, for the case n = 2 we find, the following expression, after expanding (B.6) at
the first order in x and discarding constant terms:
V n=2eff (x) =
2piGρ
3
x2
(
1 +
3r20
R2
)
. (V.5)
This expression displays a correction that is still independent of the radius of the tunnel and
a proportionality to the square of the ratio r0/R. Like with the case of n = 1, the smaller
is the sphere used in the experiment, the more enhanced will be the correction. Finally, for
the case n = 3, a similar approximation for small x as the one done for the previous two
cases of n leads to the following correction:
V n=3eff (x) =
2piGρ
3
x2
(
1 +
r30
R3
)
. (V.6)
Thus, in all three cases of the power-law deviation (I.2), the order of magnitude of the cor-
rection to the gravitational potential of the induced simple harmonic oscillator is conditioned
by the order of magnitude of the ratio r0/R.
VI. A VARIANT OF THE SETUP
In the previous sections, we showed how the cylindrical tunnel drilled inside the massive
sphere helps induce quantum interference between the arms of the interferometer. The
advantage of the tunnel is that it offers a pathway to the particles inside the sphere, making
the particles interact with every layer of the latter. The technological challenge behind
such a setup consists, of course, in making as many neutrons as possible go through such
a small-diameter hole and the difficulty in detecting the small induced phase shifts. In this
section, we are going to describe a variant of the setup that is based on the same principle
as the previous one but in which the resolution could be improved and the limitations
corresponding to the focusing of the neutrons could be overcome.
In fact, a variant of such a setup consists simply in replacing the cylindrical tunnel inside
the sphere by an empty disk of thickness 2a. That is, the sphere becomes then split into two
hemispheres of the same radius and mass, between which the particles could freely move. As
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we shall see now, this configuration allows us to easily find an estimate for the Yukawa-like
correction without putting such a high constraint on the separation distance 2a between
the two hemispheres. In addition, allowing larger values of a removes the constraints in the
focusing of the neutron beam.
With a Yukawa-like correction (I.1), the gravitational potential VHeff(x) between the two
hemispheres at a distance x from the center is given by VS(x)− V ND (x)− V YD (x), where the
potentials VS(x), V
N
D (x) and V
Y
D (x) are given by Eqs. (A.2), (C.1) and (C.5), respectively.
Then, using Eqs. (C.4) and (C.6), we find the induced phase shift on the neutrons travelling
between the two hemispheres as follows,
∆φH = −m
2λ0
pi~2
∫ R
0
VHeff(x)dx
≈ 2Gm
2ρλ0
~2
[
8R3
9
− aR (RIND − a+ 2λαe−a/λ)] . (VI.1)
As indicated in Appendix C, what is contained inside the factor IND depends on the degree
of precision one would want to achieve which, in turn, depends on the order of magnitude
of a. However, for an α of the order 10−2 and a Yukawa range λ of the order of 10−3 m, the
phase shift correction due to the Yukawa-like contribution is already of the order ∼ 10−5
for 1 m-radius hemispheres and for a separation distance 2a between them of the order of a
millimeter. For this reason, only the first-order term in λ is kept here. For higher values of
α [8] the correction becomes, of course, enhanced. Comparing formulae (III.3) and (VI.1),
we clearly see the advantage of having the particles go in between the two hemispheres. It
helps avoid the fourth power of λ and replaces it instead by the exponential e−a/λ, which
calls, of course, for a small separation 2a between the two hemispheres. Yet, there is still
the advantage of having a tunnel inside a massive sphere instead of just two separated
hemispheres as the former provides a guide for the particles as well.
VII. SUMMARY & DISCUSSION
Our simple setup could constitute a new tool for contributing to the various tests on the
interplay between gravity and quantum mechanics. The basic principle of the setup is similar
to that of a COW experiment in that it relies on the quantum interference between the two
beams of a Mach-Zehnder interferometer. The difference with a COW experiment lies in
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the fact that now the test particles interact in a different way with the mass source. The
tunnel through the mass source (or the regions between the two massive hemispheres) allows
test particles to interact fully with every layer of the mass. The resulting final phase shift
between the two beams is thus due to an accumulation of infinitesimal phase shifts acquired
by the particle along its journey inside the tunnel (or between the two hemispehres). This
accumulation effect helps to improve the sensitivity of existing experiments aimed at testing
deviations from the ISL using tabletop massive sources of gravity and other means [22–27].
It was possible to examine here both a Yukawa-like deviation form the ISL and a power-law
deviation. For the latter, only the cases n = 1, 2, 3 yield a finite potential felt by the particle
as it travels through the tunnel inside the sphere.
The only requirement one needs to respect with such a setup is to make the diameter
of the tunnel (or the separation of the two hemispheres) quite larger than the Compton
wavelength of the particles in order to avoid unwanted diffraction of the particles when they
come out of the sphere. For cold neutrons at the lowest temperatures of the order of 10−3 K
presently achievable, the diameter of the tunnel is allowed to be very small indeed.
Furthermore, the same setup could also help, as we saw, to gravitationally induce a
quantum harmonic oscillator. The Yukawa-like correction and the power-law deviation bring
distinct modifications to the quantized energy of the harmonic oscillator. The contribution
of the former is exponentially suppressed with the size of the sphere but the contribution of
the latter depends on the ratio r0/R with a power equal to the power n in the formula (I.2).
The cases n = 4, 5, 6 do not yield a finite potential for the particle inside the tunnel.
In addition, our setup offers the possibility of testing gravitomagnetism in a novel way
by measuring the accumulated phase shift a quantum particle acquires due to each layer of
the rotating source as it travels through the tunnel. Moreover, as the particle moves along
the diameter of the sphere, around which the latter is rotating, the coupling between the
gravitomagnetic field and the intrinsic spin of the polarized particles of the beam is at its
maximum. This offers the best configuration ever for testing gravitomagnetism. Unfortu-
nately, as we saw, the coupling between gravitomagnetism and intrinsic spin of particles
is still very small. However, our setup offers the possibility of improving the sensitivity of
tabletop experiments aimed at testing gravitomagnetism by using in the future polarized
atoms and molecules by relying on their total intrinsic spin and orbital angular spin [47–49].
It is well-known that it is often the case that minute phase shifts are involved in any
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quantum interference experiment designed to take into account gravitational effects [52–56].
In this regard, our setup is no exception. Therefore, our setup heavily relies on future im-
provements in neutron interferometry technology. Achieving decoherence-free environments
and high levels of noise suppression, based, for example, on quantum-error-correcting codes
[57], remains indeed very critical. In particular, a neutron interferometry that would include
quantum error corrections to protect our experimental setup against mechanical vibrations
[57], that accompany Mach-Zehnder configurations, is very much needed, especially when
the mass source is required to be spinning as is the case when testing gravitomagnetism.
Now, it should be noted that although our setup relies here solely on the interference
collected at the end of the second beam splitter like in a COW experiment, it is not excluded
that the same setup be combined with other more precise techniques for measuring minute
energy differences such as the use of Ramsey interferometry instead [50]. A future work
relying on this setup, but combining modern techniques for measuring small phase shifts,
will be devoted to reach such a goal.
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Appendix A: The gravitational potential inside the tunnel based on formula (I.1)
In this appendix we are going to compute the required gravitational potentials VC(x) and
VS(x) needed in subsection III A. These are due, respectively, to the a full uniform cylinder
of radius a and length 2R and a full uniform sphere of radius R; both having the same
uniform density ρ. As explained in subsection III A, we shall use the gravitational potential
−2piGσ[√x2 + y2− x+αλ(e−x/λ− e−√x2+y2/λ)] at a distance x along the axis of symmetry
of a uniform disk of radius y and surface mass density σ. By integrating this potential over
the region s ∈ [0, R − x], which lies to the left of the point x, and then over the region
s ∈ [0, R + x] which lies to the right of the point x, we find, after setting for convenience,
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f(s) =
√
s2 + a2 − s and g(s) = exp(−s/λ)− exp(−√s2 + a2/λ),
VC(x) = −2piGρ
(∫ R−x
0
+
∫ R+x
0
)
f(s) ds− 2piGραλ
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −piGρ
[
(R− x)
√
(R− x)2 + a2 − (R− x)2 + (R + x)
√
(R + x)2 + a2 − (R + x)2
+ a2 ln
R− x+√(R− x)2 + a2
a
+ a2 ln
R + x+
√
(R + x)2 + a2
a
+ 2αλ
(
2λ− λe−R−xλ − λe−R+xλ − I[x, a,R, λ]
)]
. (A.1)
The four first lines in this result are solely due to the Newtonian potential, whereas the very
last line represents the correction due to the Yukawa-like deviation.
Here, I[x, a,R, λ] arises from the sum of the two integrals in the second line, in-
volving the exponential, (
∫ R−x
0
+
∫ R+x
0
)e−
√
s2+a2/λds. Such an integral does not admit
any analytical expression. It is, nevertheless, possible to estimate its order of magni-
tude. In fact, with the change of variable s/a = sinh z, the integrals acquire the form
(
∫ z0−
0
+
∫ z0+
0
)e−
a
λ
cosh za cosh z dz, with the boundaries given by z0± = sinh
−1(R±x
a
). These
integrals have a similar form as the integral giving rise to the modified Bessel function
K1(
a
λ
), which reads
∫∞
0
e−
a
λ
cosh z cosh z dz [46]. The only difference, then, is in their respec-
tive ranges of integration. Given that our integrals stop at the finite boundaries z0±, and the
fact that the factor e−
a
λ
cosh z is rapidly suppressed for positive values of z, it is clear that the
value of the sum of our two integrals would not differ much from the value of the modified
Bessel function K1(
a
λ
). On the other hand, we know that for large arguments u, we have the
approximation K1(u) ∼
√
pi
2u
e−u [46]. Therefore, we deduce that the integral I[x, a,R, λ] is
of the order of
√
aλe−
a
λ . By adopting this value, we will be off from the real value, at most,
by terms of the form
√
aλe−
√
(R±x)2+a2/λ. However, for very small values — compared to a
typical Yukawa range λ — of the radius a of the tunnel (which is just above the Compton
wavelength of the test particles, ∼ 10−15 m for neutrons), these terms are much smaller than
the rest of the terms in the last line of the result (A.1). For this reason, we may safely
discard the term I[x, a,R, λ] from the potential (A.1) due to the cylinder.
By making use of the same expression we found above for the gravitational potential
of a massive disk at a distance x along its axis, we also easily compute the gravitational
potential at a distance x from the center of a sphere of radius R and of uniform density ρ.
20
For that purpose, we set for convenience f(s, y) =
√
s2 + y2 − s and g(s, y) = exp(−s/λ)−
exp(−√s2 + y2/λ). Then, integrating again separately over the left and right regions with
respect to the point x, we find,
VS(x) = −2piGρ
(∫ R−x
0
+
∫ R+x
0
)
f(s, y) ds− 2piGραλ
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −2piGρ
[
R2 − x
2
3
+ αλ2
(
2− e−R−xλ − e−R+xλ
)
+
αλ2
x
(
(R + x+ λ)e−
R+x
λ − (R− x+ λ)e−R−xλ
)]
(A.2)
To evaluate the integrals over the volume of the full sphere, we have taken into account the
shape of the sphere as follows. For the infinitesimally thin disks that lie on the left region of
the point x, for which s ∈ [0, R − x], we used the fact that y2 = R2 − (s+ x)2, whereas for
the disks that lie on the right region with respect to the point x, for which s ∈ [0, R + x],
we used the fact that y2 = R2 − (s − x)2. The first two terms in this result are due to the
Newtonian potential, whereas the rest of the terms, which are proportional to α, are due
to the Yukawa-like deviation. Notice that the potential (A.2) is finite everywhere inside the
sphere, including the origin.
Appendix B: Correction to the gravitational potential inside the tunnel based on
formula (I.2)
In this appendix we are going to compute the effective gravitational potential inside the
tunnel at any distance x away from the center of the sphere. For that purpose, we follow
the same strategy as the one followed in subsection III A for the Yukawa-like deviation. We
first compute the gravitational potential VC(x) inside a full cylinder of mass density ρ, of
radius a and length 2R, at any distance x from the middle point for the cylinder along its
axis of symmetry. Then, we compute the potential VS(x) at any distance x from the center
of a full sphere of radius R and of mass density ρ. We are going to examine individually
each of the different cases n = 1, 2, 3, 4.
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1. Case: n = 1.
We saw in Section III B that for the case n = 1, the correction to the Newtonian gravita-
tional potential due to a disk of radius y and mass density σ, at a distance x along the axis
of symmetry, is −2piGσr0 ln(
√
x2 + y2/x). Let us then introduce, for convenience in order
to make the calculations clearer, the function g(s) = ln(
√
s2 + a2/s). Then, by integrating
such a function separately over the left and right regions of a point that is at a distance
x away from the center of a full cylinder of radius a and of length 2R, we easily find the
following correction V n=1Ccorr(x) to the Newtonian potential at that point inside the cylinder,
V n=1Ccorr(x) = −2piGρr0
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −2piGρr0
[
(R− x) ln
√
(R− x)2 + a2
R− x + (R + x) ln
√
(R + x)2 + a2
R + x
+ a tan−1
(
R− x
a
)
+ a tan−1
(
R + x
a
)]
. (B.1)
In order to compute the correction V n=1Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = ln(
√
s2 + y2/s). For the integration, however, we
should take again into account the shape of the sphere by using the fact that y2 = R2−(s+x)2
for the disks on the left of the point x while y2 = R2 − (s− x)2 for the disks on the right of
the point x. Thus we find,
V n=1Scorr(x) = −2piGρr0
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −2piGρr0
[
R +
R2 − x2
2x
ln
R + x
R− x
]
. (B.2)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, found in Appendix A, we compute the
correction to the effective potential inside the tunnel for case n = 1 to find,
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V n=1effcorr(x) = V
n=1
Scorr(x)− V n=1Ccorr(x)
= −2piGρr0
[
R +
R2 − x2
2x
ln
R + x
R− x − (R− x) ln
√
(R− x)2 + a2
R− x
− (R + x) ln
√
(R + x)2 + a2
R + x
− a tan−1
(
R− x
a
)
− a tan−1
(
R + x
a
)]
. (B.3)
2. Case: n = 2.
We saw that for the case n = 2, the correction to the Newtonian gravitational potential
due to a disk of radius y and mass density σ, at a distance x along the axis of symmetry, is
−2piGσr20[x−1− (x2 + y2)−1/2]. Therefore, by setting now, g(s) = 1/s− 1/
√
s2 + a2, we find
the following correction V n=2Ccorr(x) to the Newtonian potential inside a full cylinder of radius
a and length 2R,
V n=2Ccorr(x) = −2piGρr20
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −2piGρr20
[∫ R−x
0
ds/s+
∫ R+x
0
ds/s− ln R− x+
√
(R− x)2 + a2
a
− ln R + x+
√
(R + x)2 + a2
a
]
. (B.4)
The first two integrals in the second line are both divergent but, as we shall see shortly,
these two integrals do not contribute to the effective potential because they cancel exactly
with a similar contribution from the full sphere.
In order to compute the correction V n=2Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = 1/s − 1/√s2 + y2. For the integration, we take
into account as usual the shape of the sphere by using the fact that y2 = R2 − (s + x)2 for
the disks on the left of the point x while y2 = R2 − (s − x)2 to the right of the point x.
Thus, we find,
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V n=2Scorr(x) = −2piGρr20
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −2piGρr20
[∫ R−x
0
ds/s+
∫ R+x
0
ds/s− 2
]
. (B.5)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, found in Appendix A, we compute the
effective potential inside the tunnel for case n = 2 to be,
V n=2effcorr(x) = V
n=2
Scorr(x)− V n=2Ccorr(x)
= 2piGρr20
[
2− ln R + x+
√
(R + x)2 + a2
a
− ln R− x+
√
(R− x)2 + a2
a
]
.
(B.6)
3. Case: n = 3.
We saw that for the case n = 3, the correction to the Newtonian gravitational potential
due to a disk of radius y and mass density σ, at a distance x along the axis of symmetry, is
−piGσr30[1/x2 − 1/(x2 + y2)]. Therefore, by setting now, g(s) = 1/s2 − 1/(s2 + a2), we find
the following correction V n=3Ccorr(x) to the Newtonian potential inside a full cylinder of radius
a and length 2R,
V n=3Ccorr(x) = −piGρr30
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −piGρr30
[∫ R−x
0
ds/s2 +
∫ R+x
0
ds/s2 − 1
a
tan−1
(
R− x
a
)
− 1
a
tan−1
(
R + x
a
)]
.
(B.7)
The first two integrals in the second line are both divergent but, again, as we shall see
shortly, these two integrals do not contribute to the effective potential because they cancel
exactly with a similar contribution from the full sphere.
In order to compute the correction V n=3Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = 1/s2− 1/(s2 + y2). For the integration, we should
take into account again the shape of the sphere by using the fact that y2 = R2 − (s − x)2
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for the disks on the right of the point x while y2 = R2 − (s+ x)2 to the left of the point x.
Thus we find,
V n=3Scorr(x) = −piGρr30
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −piGρr30
[∫ R−x
0
ds/s2 +
∫ R+x
0
ds/s2 − 1
x
ln
R + x
R− x
]
. (B.8)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, found in Appendix A, we compute the
effective potential inside the tunnel for case n = 3 to be,
V n=3effcorr(x) = V
n=3
Scorr(x)− V n=3Ccorr(x)
= piGρr30
[
1
x
ln
R + x
R− x −
1
a
tan−1
(
R + x
a
)
− 1
a
tan−1
(
R− x
a
)]
. (B.9)
4. Case: n = 4.
We saw that for the case n = 4, the correction to the Newtonian gravitational potential
due to a disk of radius y and mass density σ, at a distance x along the axis of symmetry,
is −2
3
piGσr40[1/x
3 − 1/(x2 + y2)3/2]. Therefore, by setting now, g(s) = 1/s3 − 1/(s2 + a2)3/2,
we find the following correction V n=4Ccorr(x) to the Newtonian potential inside a full cylinder of
radius a and length 2R,
V n=4Ccorr(x) = −
2pi
3
Gρr40
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −2pi
3
Gρr40
[∫ R−x
0
ds/s3 +
∫ R+x
0
ds/s3− R− x
a2
√
(R− x)2 + a2−
R + x
a2
√
(R + x)2 + a2
]
.
(B.10)
Again, the first two integrals in the second line are both divergent but, as with the previous
cases we saw above, these two integrals do not contribute to the effective potential because
they cancel exactly with a similar contribution from the full sphere.
In order to compute the correction V n=4Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = 1/s3−1/(s2+y2)3/2. For the integration, we should
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take into account again the shape of the sphere by using the fact that y2 = R2 − (s − x)2
for the disks on the right of the point x while y2 = R2 − (s+ x)2 to the left of the point x.
Thus we find,
V n=4Scorr(x) = −
2pi
3
Gρr40
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −2pi
3
Gρr40
[∫ R−x
0
ds/s3 +
∫ R+x
0
ds/s3 − 2
R2 − x2
]
. (B.11)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, found in Appendix A, we compute the
effective potential inside the tunnel for case n = 4 to be,
V n=4effcorr(x) = V
n=4
Scorr(x)− V n=4Ccorr(x)
=
2pi
3
Gρr40
[
2
R2 − x2 −
R− x
a2
√
(R− x)2 + a2 −
R + x
a2
√
(R + x)2 + a2
]
. (B.12)
5. Case: n = 5.
We saw that for the case n = 5, the correction to the Newtonian gravitational potential
due to a disk of radius y and mass density σ, at a distance x along the axis of symmetry, is
−pi
2
Gσr50[1/x
4− 1/(x2 + y2)2]. Therefore, by setting now, g(s) = 1/s4− 1/(s2 + a2)2, we find
the following correction V n=5Ccorr(x) to the Newtonian potential inside a full cylinder of radius
a and length 2R,
V n=5Ccorr(x) = −
pi
2
Gρr50
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −pi
2
Gρr50
[∫ R−x
0
ds/s4 +
∫ R+x
0
ds/s4 − R− x
2a2((R− x)2 + a2) −
R + x
2a2((R + x)2 + a2)
− 1
2a3
tan−1
(
R− x
a
)
− 1
2a3
tan−1
(
R + x
a
)]
. (B.13)
As usual, the first two integrals in the second line are both divergent but, again, as with the
previous cases we saw above, these two integrals do not contribute to the effective potential
because they cancel exactly with a similar contribution from the full sphere.
26
In order to compute the correction V n=5Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = 1/s4−1/(s2 +y2)2. For the integration, we should
take into account again the shape of the sphere by using the fact that y2 = R2 − (s − x)2
for the disks on the right of the point x while y2 = R2 − (s+ x)2 to the left of the point x.
Thus we find,
V n=5Scorr(x) = −
pi
2
Gρr50
(∫ R−x
0
+
∫ R+x
0
)
g(s, y) ds
= −pi
2
Gρr50
[∫ R−x
0
ds/s4 +
∫ R+x
0
ds/s4 − 2R
(R2 − x2)2
]
. (B.14)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, as found in Appendix A, we easily compute
the effective potential inside the tunnel for the case n = 5 to be,
V n=5effcorr(x) = V
n=5
Scorr(x)− V n=5Ccorr(x)
= −pi
2
Gρr50
[
− 2R
(R2 − x2)2 +
R− x
2a2((R− x)2 + a2) +
R + x
2a2((R + x)2 + a2)
+
1
2a3
tan−1
(
R− x
a
)
+
1
2a3
tan−1
(
R + x
a
)]
. (B.15)
6. Case: n = 6.
We saw that for the case n = 6, the correction to the Newtonian gravitational potential
due to a disk of radius y and mass density σ, at a distance x along the axis of symmetry,
is −2pi
5
Gσr60[1/x
5 − 1/(x2 + y2)5/2]. Therefore, by setting now, g(s) = 1/s5 − 1/(s2 + a2)5/2,
we find the following correction V n=6Ccorr(x) to the Newtonian potential inside a full cylinder of
radius a and length 2R,
V n=6Ccorr(x) = −
2pi
5
Gρr60
(∫ R−x
0
+
∫ R+x
0
)
g(s) ds
= −2pi
5
Gρr60
[∫ R−x
0
ds/s5 +
∫ R+x
0
ds/s5 − (R− x)(3a
2 + 2(R− x)2)
3a4(a2 + (R− x)2)3/2
− (R + x)(3a
2 + 2(R + x)2)
3a4(a2 + (R + x)2)3/2
]
. (B.16)
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Again, the first two integrals in the second line are both divergent but, as with the previous
cases we saw above, these two integrals do not contribute to the effective potential because
they cancel exactly with a similar contribution from the full sphere.
In order to compute the correction V n=6Scorr(x) to the potential inside a full sphere, we shall
use for convenience the function g(s, y) = 1/s5−1/(s2+y2)5/2. For the integration, we should
take into account again the shape of the sphere by using the fact that y2 = R2 − (s − x)2
for the disks on the right of the point x while y2 = R2 − (s+ x)2 to the left of the point x.
Thus we find,
V n=6Scorr(x) = −
2pi
5
Gρr60
(∫ R+x
0
+
∫ R−x
0
)
g(s, y) ds
= −2pi
5
Gρr60
[∫ R+x
0
ds/s5 +
∫ R−x
0
ds/s5 − (6R
2 + 2x2)
3(R2 − x2)3
]
. (B.17)
Combining these corrections to the potential inside the sphere and the cylinder with the
Newtonian potential inside each one of the latter, found in Appendix A, we compute the
effective potential inside the tunnel for case n = 6 to be,
V n=6effcorr(x) = V
n=6
Scorr(x)− V n=6Ccorr(x)
=
2pi
5
Gρr60
[
(6R2 + 2x2)
3(R2 − x2)3 −
(R− x)(3a2 + 2(R− x)2)
3a4(a2 + (R− x)2)3/2 −
(R + x)(3a2 + 2(R + x)2)
3a4(a2 + (R + x)2)3/2
]
(B.18)
Appendix C: The gravitational potential between two hemispheres based on formula
(I.1)
We show here how to compute the gravitational potential VHeff(x) between two hemi-
spheres needed in Section VI. For that purpose, we one needs only subtract the gravitational
potential VD(x) due to a full uniform disk of radius R and thickness 2a from the gravitational
potential (A.2) of a full uniform sphere of radius R. In this appendix, we are going then to
compute the potential due to a full disk.
The gravitational potential at a distance x from the center of a full disk of thickness 2a,
of radius R and of mass density ρ, due to the Newtonian part in formula (I.1), can be found
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by following the same strategy as the one adopted in Ref. [51]. We find,
V ND (x) = −4Gρ
∫ pi
0
∫ r(φ)
0
∫ a
0
r√
r2 + z2
dφ dr dz
= −2Gρ
∫ pi
0
[
a
√
r2(φ) + a2 + r2(φ) ln
(√
r2(φ) + a2 + a
r(φ)
)
− a2
]
dφ. (C.1)
In the first line, we integrated, first, the potential due to the mass element r dφ dr dz over
the thickness 2a. In the second line, we integrated over the rest of the disk from r = 0
to r = r(φ) = x cosφ +
√
R2 − x2 sin2 φ [51]. Now, the second term in the integrand in
Eq. (C.1) does not admit any analytical expression. As such, one is tempted to perform a
series expansion in x on that term in order to be able to integrate it. Unfortunately, given
that our goal is to be able later to integrate the potential V ND (x) from x = 0 to x = R, it does
not help much to find a series expansion in x that would terminate at some power of x. If a
series expansion is to be used, it can only be a full series. Therefore, we shall instead seek a
rough estimate of such an integral. Since the thickness of the disk is 2a R, it is clear that
r(φ) inside the argument of the square root and the logarithm is mainly much larger than a,
except for x ∼ R. As a consequence, assuming r(φ) a for all x . R shall very well serve
our purpose here for then the main contribution to the integral
∫ R
0
V ND (x)dx, which comes
from the values x . R, would not be much affected. Thus, up to the second order in a, the
first term inside the square brackets of the integral (C.1) can be approximated by ar(φ) and
the logarithm can be approximated by a/r(φ). In this case, Eq. (C.1) reduces to,
V ND (x) ≈ −2Gρ
∫ pi
0
[
2ar(φ)− a2] dφ ≈ −2Gρ [2aRE ( x2
R2
)
− pia2
]
. (C.2)
Here, the function E(z) is the so-called complete elliptic integral of the second kind [46]. It
admits a series representation as it is linked to the classical hypergeometric function through,
E(z) = pi
2 2
F1
(−1
2
, 1
2
; 1; z2
)
. Therefore, using the power expansion of the hypergeometric
functions [46], we find the following power-expansion for the potential V ND (x),
V ND (x) = −2piGρaR
∞∑
n=0
(−1
2
)
n
(
1
2
)
n
n! (1)n
x2n
R2n
+ 2piGρa2. (C.3)
The symbol (x)n stands for the product x(x + 1)(x + 2) . . . (x + n − 1) and is called the
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Pochhammer symbol. By definition, (x)0 = 1. Note that this is a full series in x and not a
truncation of a series. This potential can therefore be integrated exactly over the diameter
of the disk to provide the phase shift ∆φ for Section VI. The integral of (C.3) gives the
following result,
∫ R
0
V ND (x) dx ≈ −2piGρaR2
∞∑
n=0
(−1
2
)
n
(
1
2
)
n
(2n+ 1)n! (1)n
+ 2piGρa2R ≡ −2piGρaR (RIND − a) .
(C.4)
The factor IND represents the infinite sum. The number of terms of the sum to keep depends
on the degree of precision one would wish to achieve which, in turn, depends on the order
of magnitude of a.
Similarly, the gravitational potential inside the disk due to the Yukawa-like term in
formula (I.1) can be found as follows,
V YD (x) = −4Gρα
∫ pi
0
∫ r(φ)
0
∫ a
0
re−
√
r2+z2/λ
√
r2 + z2
dφ dr dz
≈ −4Gραe−a/λ
∫ pi
0
∫ r(φ)
0
∫ a
0
e−r/λ dφ dr dz
≈ −4Gλραae−a/λ
∫ pi
0
(
1− e−r(φ)/λ) dφ
≈ −4piGλραae−a/λ
(
1− e−R−xλ
)
. (C.5)
Given that the integral in the first line does not admit any analytical expression, we have
approximated it in the second line by noticing that the main contribution to the integral
comes from r(φ) a. This allowed us to absorb the z2 inside the square root. Consequently,
we had then to take the lowest limit, e−(a+r)/λ, of the exponential in the numerator. In fact,
thanks to these approximations, the integral is easily evaluated in the third line. The latter
expression does not admit any analytical expression either. For this reason, we had to take
the lowest absolute value of r(φ), which is R−x. With such an approximate result, we find,
up to the first order in λ ( R) the following integral,
∫ R
0
V YD (x) dx ≈ −4piGλρRαae−a/λ. (C.6)
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